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Let C(p), S*(p), and K(fi, A) be the classes of univalent functions defined in E= 
{z: IzI < 1 ), which are convex of order fi, starlike of order p and close-to-convex of 
order p type 1. Letf(z)=(l/a:)z’m’l” s ;z’~‘~ F(z)dz, O<ct<l. We discuss the 
properties of the function f when this function F belongs to the class K(fi, A) and its 
various subclasses. 6 1985 Academic Press, Inc. 
1. INTRODUCTION 
Let S be the class of functions f given by 
f(z)=z+ f a,z” (1.1) 
,I = 2 
analytic and univalent in E = {z: Iz/ < 11. Let C, S*, K be the classes of 
convex, starlike and close-to-convex functions respectively. We say that 
f~ S is a convex function of order /?, 0 < /? < 1, if 
z E E. 
We denote this class by C(b). Also f~ S is a starlike function of order j3, 
O<fl< 1, if 
Re zf’(z) 
(4 f(z) 'lx z E E, 
and we call this class of functions as S*(p). Let K(/?, 2) denote the class of 
close-to-convex functions f of order fl type 2 which are univalent in E, 
given by ( 1.1) and satisfy 
Re zf'b) -> P, 
g(z) 
z E E, 
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where g E S*(n) and B, A lie in [0, 11. We notice that C(0) E C, S*(O) z S*, 
K(0, 0) = K. 
The classes C(a) and S*(p) were introduced and studied by Robertson 
[9] and the class K(p, 1) was studied in some details in [4]. It is clear that 
C(B) = s*(P) = K(B, 1”). 
In [S], Liberia considered the operator L: H, --t H,, 
H,(E) = Lm) g iven by ( 1.1) and analytic in E}, 
where for FE H,, L(F) =f, andf(z) = (2/z) j; F(t) dt. He proved that 
UC) = c, 
L(s*) c s*, (1.2) 
L(K) c K. 
A generalization of (1.2) has been considered in [ 1 ] by taking operators L, 
defined as L, : H, + Ho, L,(F) = f, and 
f(z)=nz-“+I 
i 
’ t”~ 2F(t)dt, n = 1) 2, 3 ).... (1.3) 0 
A simple proof of (1.2) is given by Mocanu see [lo], and it is also shown 
that 
us*) = s*(Y), 
L(C) = C(Y)? 
y is the same for both and y = (- 3 + fi)/4. 
Pascu [S] considered the operators L,, 0 < tx d 1, L, : H, -+ H,, 
L,(F) =f 
(1.4) 
which generalizes the results in (1.2) and (1.3). In [lo], Salagean studied 
the operator in (1.4) for the classes S*(B) and C(p). By using essentially the 
same method, we shall obtain the similar results for the larger class K(/?, 1) 
and some of its subclasses defined in the next section. 
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2. PRELIMINARIES 
DEFINITION 2.1. Let f be analytic in E and be given by ( 1.1). Let A, /I lie 
in [0, 11. We say f E C*(fl, A) if and only if there exists a function ge C(A) 
such that 
Re (zf'w>B 
g’(z) ’ 
z E E. 
It is clear that C*(O, 0) E C*, a subclass of the class K originally defined 
and discussed in [Z] and [3]. From the definition, it follows that 
fE c*ut A) if and only if zf’ E K(p, A). (2.1) 
DEFINITION 2.2. Let CI, > 0 and f be analytic in E, given by (1.1). Then 
fEQ(a,,jI,A)ifandonlyifth ere exists a g E C(A) such that for z E E, 
(1 -a,)f$$+a, v)>fi, 
Z 
(2.2) 
where /I, A lie in [0, 11. We notice that Q(u,, 0,O) z Q,,, the class of c1r- 
quasi convex functions studied in [ 111. From (2.2), it follows that 
f~Q(al, P, 1) if and only if {(l-a,)f(z)+a,zf’(z)}~K(P,A). 
(2.3) 
We need the following results. 
LEMMA 2.1 [6]. Let u and v denote complex variables, u = u, + iuZ, 
v=v,+ivZ, and let I$(u, v) be a complex-valued function that satisfies the 
following conditions: 
(i) #(u, v) is continuous in a domain D c C2. 
(ii) (1,0)~D andqS(l,O)>O 
(iii) Re(iu,, v,)<O whenever (iu,, v~)ED and vl<+(l +u:) 
Ifp(z)=l+b,z+b,z’+ ... is a function that is analytic in E such that 
(p(z), zp’(z))~ D and Re &p(z), zp’(z)) > 0 holds for all ZE E, then 
Re p(z) > 0 in E. 
LEMMA 2.2. [lo]. Let 1 be a real number and 0 < CI < 1. Let f be given 
by (1.4) and let 
Re ZJ-‘(z) > A 
42)’ 
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Then f E S*(a) where c satisfies the following conditions; 
(i) IfO<a<& and cc/2(cr-l)&A< 1, then 
a=a,=(2aA+a-2+ [4a*3,*--12a2i+8al+9a2-4a+4])/4a>O 
and 
(ii) if+<a<l and (a-l))/2a<(3a-$)/2a<A, then 
0 = u2 = (2a1+ a - J[4a2A2 - 12a2;1 + 9a2 - 8a])/4a k 0 
and 
(iii) if $ < a < 1 and (a - 1)/2a < (3a - &/2a < A < 1, then 
CJ=CT, 
3. MAIN RESULTS 
THEOREM 3.1. Let i be a real number and 0 < a < 1. Let 
f(z) + z1 (IP) j’ Z(1/a)-2f’(z) dz, 
0 
where Re zF(z)/G(z) > /? and Re zG’(z)/G(z) > jti, 0 6 fi < 1. Then .f~ 
K(y, a), where u is defined in Lemma 2.2 and y E [p, 1) 
Proof: Let 
Then, by Lemma 2.2, it follows that g E S*(o). Set 
wherep(z)=1+bIz+b,z2+ .... We want to prove 
z E E. We have, from 
(3.1) 
that Re p(z) > 0 for 
(3.2) 
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From (3.1) and (3.2) we obtain 
= y 1’ z”‘“‘-‘G(z) dz + (1 - y) p(z) j; z(‘!=~ -‘G(z) dz. 
0 
After differentiation, we have 
G(z) 
(z)=Y+(l-1I’)po)+ 
(l-L)z (1/+2p~(Z) l; Z(lln)- 2G(z) dz 
G(z) 
(3.3) 
Now, consider 
,Z(l/a)- 1(Z2~wa)(CIZwn)- ‘g(z))‘)/z’~/“‘-‘g(z). (3.4) 
Since ge S*(o), we can write zg’(z)/g(z) = (1 -a) h(z) + C, where 
Re h(z) > 0. Thus (3.4) can be written as 
z(“‘)- ‘G(z) 1; %‘(Z) Z(‘/a) - 2,‘3(z) dz = - +‘-1 
g(z) @ 
=(l-a)h(z)+o+;-1. (3.5) 
From (3.3) and (3.5) we obtain 
zF(z) 
G(z)=lJ+u-Mz)+ 
a(1 -Y) ZP’(Z) 
cr(1 -a)h(z)-tl(1 -B)+ 1 
or 
41-Y) ZP’(Z) 
~-p=~-8+(1-~)~(~)+~(~-~)~(~)-~(~-~)+~. (3.6) 
Now we can form the function d(u, u) by taking u = p(z), v = zp’(z) in (3.6) 
as 
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It is clear that the function qS(u, u) defined by (3.7) satisfies conditions (i) 
and (ii) of Lemma 2.1 easily. To verify condition (iii), we proceed as 
foliows: 
Red(u,i,u,)=y-B+ 
tx(l-y)u,{a(l-a)h,-a(l-o)+l) 
{a(l-a)h,-cc(l-a)+1}2+~2(1-~)%;’ 
where h(z) = h, + ih,, h,, h, being the functions of x and y and 
Reh=h,>O. By putting u,<+(l +a:), we obtain 
where 
c={C1(1-~)h,-CI(l-~)+1}2+~~(1-cr)%;, 
A=2(y-j3)[{a(l-a)h,-a(l-a)+l}2+a2(1-a)2h~] 
-a(1 -cr){a(l -a)h, -a(1 -0)+ 1) 
and 
B= --GI(~-~)(~1(1-cr)h,-~(l -a)+ 1). 
We note that C > 0, Re &u2 i, u, ) Q 0 if and only if A < 0 and B < 0. From 
A Q 0, we obtain y < yA, where 
YA = 
20 and yA)/P, since OQP<l. 
Also from B Q 0, we have 0 <ye d 1. Thus y < yA E [j, 1) and the condition 
(iii) is satisfied to give us Re p(z) > 0 which implies that f~ K(y, a). 
Special cases 
(i) Let 0 <A < 1. Then FE K(j?, 2) and using Theorem 3.1 we obtain 
fE WY, 6). 
(ii) For y = j?, FEK(P, A) *fe K(/l, a). 
(iii) FE (/3,0) yields fE K(y, 0). 
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(iv) For 1=0, p=y, we see that f~ K(p, 0) when FE K(/?, 0). 
(v) FE K(0, 0) implies f E K(0, 0), see [7]. 
(vi) FEK(B, ~)*fEW, A). 
THEOREM 3.2. Let 0 <a 6 1, A, p, y and a lie in [0, I]. Let f be defined 
by (1.4), where FE C*(fl, i). The f E C*(y, a). 
Proof. Let F,(z) = zP(z) and let 
f~(z)=az1-il/1)S=Z""'2F,(r)dz, (3.8) 
0 
From (2.1) and Theorem 3.1, it follows that foeK(y, a). Now (3.8) can be 
written as 
fo(z) =$ z1 --(l/x) j’ z(l/+ ‘f”(z) dz, 
0 
since Fe(z) = zF'(z). 
Intregation by parts gives us 
The result follows immediately by using (2.1). 
Special Cases 
(i) For a = 4, A= 0, /I = 0, we obtain a known result for the class C* 
Clll. 
(ii) When a= 1/ n, n= 1, 2, 3 ,..., we see that FEC*(/?, i) implies f E 
0, a) 
THEOREM 3.3. Let 0 <a < 1 and 8, ,I lie in [0, I]. Let f be given by (1.4) 
andFEQ(a,,p,A) wherea,>O. Thenf~Q(a,,P,A) 
Proof: Let 
F,(z)=(l-a,)F(z)+a,zF(z), (3.9) 
and let 
fl(+~,l-(l~~~ j=~(““)-‘F,(~)d~~ 
0 
(3.10) 
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Since FE Q(cr,, /?, A), it follows from (2.3) that F, E K(fl, A), and using 
Theorem 3.1, f, E K(p, A). 
We want to show that f~Q(c~,,fl,A), where f,(z)=(l-cr,)f(z)+ 
a,zf’(z). Now (3.9) can be written as 
F,(z)= (1 -a,) F(z)+ r,zF’(z)=cr,z2 -‘l’“l)(z”“l)- ‘F(z))‘, 
and using this, we obtain from (3.10), 
f,(Z)=;z’-I’:a) jzalzl/.- ~/~l(z(l~~l~~~F(z))‘~z 
0 
=~,zf’(Z)+(l--a,)f(z) using ( 1.4). 
HencefE Q(a17 P, 1). 
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